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equations, one representing conservation of population and the other the conservation 
of momentum for electrons within a given speed (energy) range. The speed range 
v to v + dv can be represented by the volume element in velocity space bounded by 
spherical surfaces of radii v and v+dv (see e.g. Huxley and Crompton 1974). The 
conservation of population is then equivalent to the invariance of the number of 
representative points marking the ends of the vectors v in this volume element 
(spherical shell), and the equation describing this conservation is 
:itv2afl(V) -XCOIl(V)) = 0, (2) 
where a = eE/m, and 4nXcol1(v) represents the net flux of points across the spherical 
surface of radius v due to collisions. 
When only elastic collisions occur, the equation describing the conservation of 
momentum is 
adlo/dv = -N(Jrn,e(v)vll(V). (3) 
The equation is more complex when both elastic and inelastic collision processes 
occur. If we disregard for the moment the effect of superelastic (de-excitation) 
collisions then equation (3), modified to include inelastic collisions, becomes 
a~o = -{N(Jrn,e(V)+ f (N (JO,k(V)v -{N(Jl'k(Vl'k)Vl,dv~,df~~~)k))}!l(V)' 
where vi,k = v2 + v~. This equation can be formally expressed in the form of equation 
(3) provided (Jrn,e(v) is replaced by an equivalent momentum transfer cross section 
(Jrn(v) given by 
(Jm(v) = (Jrn,e(v) + f {(JoiV) - (J 1,k(V1,k) (V~'k) 2 f f:~~)k)} . 
Terms similar to the second and third terms are added when account is taken of 
superelastic collisions. 
Because of the much greater energy exchange in an inelastic collision compared 
with an elastic collision, the presence of an inelastic collision process can drastically 
modify the energy distribution function even in situations where the cross section 
for that process is very much smaller than the elastic cross section. Consequently 
in many cases where inelastic collisions play an important role the second and third 
terms in the expression for (Jrn(v) are small compared with the first. In any case, the 
third term vanishes when inelastic scattering is isotropic. Thus it is often justified 
to omit the third term (and a corresponding term for superelastic collisions) and adopt 
the approximation 
(Jm(V) = (Jm,.(v)+ L {(JO,k(V) + (JO,-k(V)} . (4) 
k 
From the pair of equations (2) and (3) (with (Jrn,e(v) replaced by (Jrn(v) when inelastic 
scattering occurs) a single equation in lo(v) can be obtained. By integrating the 
equation once and expressing it in terms of the electron energy e = -tmv2 , we obtain 
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t h e  f o l l o w i n g  e q u a t i o n  w h e n  t h e r e  i s  b o t h  e l a s t i c  a n d  i n e l a s t i c  s c a t t e r i n g  ( H o l s t e i n  
1 9 4 6 ;  F r o s t  a n d  P h e l p s  1 9 6 2 ) :  
(  
( e E ) 2 e  +  ( 6 m / M ) K T e
2
N  ( J  ( e ) ) d ! o ( e )  
N  ( J m ( e )  m , e  d e  
+  ( 6 m / M ) e
2
N ( J m , e ( e ) ! O ( e )  + 3 N ' I , J i e )  =  0 ,  
( 5 a )  
k  
w h e r e  
J i e )  =  f +
e k  
{ J o ( y ) - ! o ( y - e k ) e x p ( - e k / K T ) } ( J o , k ( y ) y d y ,  
w i t h  K  b e i n g  t h e  B o l t z m a n n  c o n s t a n t  a n d  T  t h e  g a s  t e m p e r a t u r e .  T h e  n o r m a l i z i n g  
r e l a t i o n  f o r  f o ( e )  i s  
r o o  e t ! o ( e )  d e  =  1 .  
J o  .  
T h e  s e c o n d  a n d ·  t h i r d  t e r m s  o f  e q u a t i o n  ( 5 a )  w h i c h  a c c o u n t  f o r  t h e  e n e r g y  
e x c h a n g e  i n  e l a s t i c  c o l l i s i o n s  a r e  s m a l l  c o m p a r e d  w i t h  t h e  o t h e r  t e r m s  w h e n  t h e  
c r o s s  s e c t i o n s  f o r  i n e l a s t i c  s c a t t e r i n g  a r e  c o m p a r a b l e  w i t h  t h e  e l a s t i c  s c a t t e r i n g  c r o s s  
s e c t i o n ,  a n d  t h e y  c a n  b e c o m e  c o m p a r a b l e  o n l y  w h e n  t h e  i n e l a s t i c  c r o s s  s e c t i o n s  a r e  
v e r y  s m a l l  c o m p a r e d  w i t h  t h e  e l a s t i c  c r o s s  s e c t i o n .  T h u s ,  i n  m o s t  c i r c u m s t a n c e s ,  
n e g l i g i b l e  e r r o r  r e s u l t s  f r o m  t h e  r e p l a c e m e n t  o f  ( J m , e ( e )  b y  ( J m ( e )  i n  t h e s e  t e r m s .  I t  
i s  t h u s  u s u a l  ( e . g .  F r o s t  a n d  P h e l p s  1 9 6 2 )  t o  w r i t e  e q u a t i o n  ( 5 a )  a s  
(  
( e E ) 2 e  +  ( 6 m / M ) K T e
2
N  ( J  ( e ) ) d ! ( e )  
N  ( J m ( e )  m  d e  
+  ( 6 m / M ) e
2
N  ( J m ( e ) ! ( e )  + 3 N I J
k
( e )  =  0 ,  
( 5 b )  
k  
w h e r e  h e r e ,  a n d  i n  w h a t  f o l l o w s ,  f o ( e )  h a s  b e e n  r e p l a c e d  b y  f e e )  f o r  c o n v e n i e n c e  
o f  n o t a t i o n .  
W h i l e  t h e  r e p l a c e m e n t  o f  ( J m , e  b y  ( J m  i n  e q u a t i o n  ( 5 a )  m a y  b e  v a l i d ,  i n  t h e  s a m e  
c i r c u m s t a n c e s  t h e  r e v e r s e  s u b s t i t u t i o n  o f  ( J m , .  f o r  ( J m  m a y  l e a d  t o  l a r g e  e r r o r s .  T h u s  
i t  i s  i m p o r t a n t  t o  n o t e  t h a t ,  i f  e q u a t i o n  ( 5 b )  i s  u s e d  t o  d e t e r m i n e f ( e ) ,  t h e  m o m e n t u m  
t r a n s f e r  c r o s s  s e c t i o n  t h a t  a p p e a r s  i n  t h e  e q u a t i o n  i s  t h e  t o t a l  c r o s s  s e c t i o n  f o r  
m o m e n t u m  t r a n s f e r  ( a s  g i v e n  b y  e q u a t i o n  4 )  a n d  n o t  t h e  c r o s s  s e c t i o n  f o r  m o m e n t u m  
t r a n s f e r  i n  e l a s t i c  c o l l i s i o n s .  
E q u a t i o n  ( 5 a )  o r  ( 5 b )  m a y  b e  s o l v e d  n u m e r i c a l l y  a n d  t h e  d r i f t  v e l o c i t y  V
d r  
a n d  l a t e r a l  
d i f f u s i o n  c o e f f i c i e n t  D  1 .  c a l c u l a t e d  f r o m  t h e  r e l a t i o n s  ( s e e  e . g .  H u x l e y  a n d  C r o m p t o n  
1 9 7 4 )  
e E  ( 2 ) t  r o o  e  d !  
V
d r  
=  - 3 N  m  J o  ( J m ( e )  d e  d e ,  
( 6 )  
l ( 2 ) t  r o o  e  
N D 1 .  =  3 \ m  J o  ( J m ( e / ( I l )  d e .  
( 7 )  
S o l u t i o n s  o f  e q u a t i o n  ( 5 b )  h a v e  b e e n  g i v e n ,  f o r  e x a m p l e ,  b y  F r o s t  a n d  P h e l p s  ( 1 9 6 2 )  
a n d  b y  G i b s o n  ( 1 9 7 0 ) .  T h e  s o l u t i o n  a n d  c o d e  d e v e l o p e d  b y  G i b s o n  w e r e  u s e d  i n  t h e  
p r e s e n t  i n v e s t i g a t i o n .  
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Equations (5b), (6) and (7) are developed on the assumptions implicit in equation 
(1) and matching approximations in the Boltzmann collision terms (see e.g. Ferrari 
1977), together with the approximation used to obtain equation (4). Since the purpose 
of the present work is to compare results obtained from the above analysis with 
those determined from a Monte Carlo simulation, where accuracy is only limited 
by statistical uncertainty, it is not essential to model real gases. Relatively 
simple models could therefore be chosen (see Section 4 below) in which elastic 
scattering was accompanied by a single inelastic process having a threshold energy 
and energy loss Ri . The gas temperature was taken to be zero, thus avoiding the need 
. to account for either the thermal motion of the gas molecules or superelastic collisions 
in the simulations. 
3. Monte Carlo Simulations 
(a) Monte Carlo methods for determining electron trajectories 
Two methods were used in the present study: a 'direct' method, suitable for 
simulating electron motion when the cross section has a simple dependence on the 
electron speed; and the faster and more versatile 'null collision' method, which was 
developed in the latter stages of the comparison. 
Direct Method 
This method was used for most of the simulations, and is essentially that used by 
McIntosh (1974) but modified to include the effects of inelastic collisions. The 
method of determining the electron trajectories by the use of random numbers is 
as follows. 
Let P be the probability that the time offree flight of an electron is less than or equal 
to some value T. Then, if no electrons commence paths with similar trajectories, 
no P electrons collide before time T while n = no(1- P) continue on the original 
trajectory after time T. If v( v) = N (J o( v) v is the collision frequency then, of n 
electrons, the number dn making a collision within a time interval dt is n vet) dt. 
Thus 
dn = -nv(t)dt, 
and it follows that, of an initial number no, the number that have not collided at 
time T is found from 
In(n/no) = - J: v(t)dt = -N JoT (Jo(v)v(t)dt. 
Thus 
n = noexp{ -N X(T)} , 
where 
X(T) = J: (Jo(v)v(t)dt, (8) 
and it follows from the definition of P that 
P = 1-exp{-NX(T)} or X(T) = -N-1 In(1-P). (9a, b) 
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I t  c a n  b e  s h o w n  ( s e e  e . g .  H a m m e r s l e y  a n d  H a n d s c o m b  1 9 6 4 )  t h a t  i f  R  i s  a  r a n d o m  
n u m b e r  u n i f o r m l y  d i s t r i b u t e d  i n  t h e  i n t e r v a l  [ 0 ,  1 ]  t h e n  R  i s  r e l a t e d  t o  s o m e  p r o b a b i l i t y  
d e n s i t y  p ( x )  b y  
R  =  f :  p ( x )  d x ,  
w h e r e  y  i s  a  r a n d o m  v a r i a b l e  d r a w n  f r o m  t h e  d i s t r i b u t i o n  p ( x ) .  I n  t h e  p r e s e n t  c a s e ,  
t h e  d i s t r i b u t i o n  i s  t h e  d i s t r i b u t i o n  o f  f r e e  t i m e s .  I t  f o l l o w s  t h a t  t h e  d i s t r i b u t i o n  o f  
f r e e  t i m e s  T  a n d  f r e e  p a t h s  S ( T )  c a n  b e  f o u n d  b y  c h o o s i n g  a  r a n d o m  n u m b e r  R a n d  
s o l v i n g  e q u a t i o n  ( 9 b )  w i t h  P  r e p l a c e d  b y  R .  
I n  t h e  s i m u l a t i o n s ,  t h e  e l e c t r i c  f i e l d  E  i s  a l i g n e d  i n  t h e  - z  d i r e c t i o n  s o  t h a t  t h e  
a c c e l e r a t i o n  o f  t h e  e l e c t r o n s  a  =  - e E / m  i s  i n  t h e  +  z  d i r e c t i o n .  I f  v ( t )  i s  t h e  v e l o c i t y  
o f  a n  e l e c t r o n  a t  t i m e  t  a f t e r  t h e  l a s t  c o l l i s i o n ,  w i t h  c o m p o n e n t s  v i t )  =  V
x
'  
v i t )  =  V y  a n d  v i t )  =  v z ( O )  +  a t ,  t h e n  w e  h a v e  
v ( t )  =  { V Z ( O )  + 2 a t v i O )  + a
2
t
2
} t .  
( 1 0 )  
W h i l e  X ( T )  i s  s i m p l y  r e l a t e d  t o  P ,  t h e  f r e e  t i m e  T  c a n n o t  b e  f o u n d  r e a d i l y  
f r o m  e q u a t i o n  ( 8 )  u n l e s s  t h e  r i g h t - h a n d  s i d e  o f  t h e  e q u a t i o n  i s  i n t e g r a b l e .  M i l l o y  
a n d  W a t t s  ( 1 9 7 7 )  p e r f o r m e d  t h e  i n t e g r a t i o n  u s i n g  t h e  t r a p e z o i d a l  r u l e ,  t e r m i n a t i n g  
t h e  s u m m a t i o n  a t  t h e  v a l u e  o f  t  =  T  w h e n  t h e  e q u a t i o n  w a s  s a t i s f i e d .  I n  t h e  p r e s e n t  
w o r k ,  a d v a n t a g e  w a s  t a k e n  o f  t h e  f a c t  t h a t  t h e  i n t e g r a t i o n  c a n  b e  p e r f o r m e d  f o r  
c e r t a i n  e n e r g y  d e p e n d e n c e s  o f  t h e  c r o s s  s e c t i o n .  F o r  e x a m p l e ,  i f  t h e  c r o s s  s e c t i o n  
i s  c o n s t a n t ,  t h a t  i s ,  u o ( v )  =  u ,  t h e n  
X ( T )  =  u  S e T )  =  ! u a -
1
{  v i T )  v ( T )  - V z ( O )  v ( O )  
+ v ; , ( a r s i n h { v i T ) / v p }  - a r s i n h { v i O ) / v
p
} ) } ,  ( I I )  
w h e r e  v ; '  =  v ; +  v ;  =  v
2
( t )  - v ; ( t ) .  O n  t h e  o t h e r  h a n d ,  i f  t h e  c r o s s  s e c t i o n  i s  l i n e a r l y  
d e p e n d e n t  o n  e n e r g y ,  t h a t  i s ,  u o ( v )  =  k v
2
,  t h e n  
X ( T )  =  i k { a - 1 ( v i T ) v 3 ( T )  - v i O ) v 3 ( 0 ) ) + 3 v ;  S ( T ) } .  
( 1 2 )  
W i t h  X  ( T )  f o u n d  f r o m  e q u a t i o n  ( 9 b )  f o r  a  g i v e n  R ,  e q u a t i o n  ( 1 1 )  o r  ( 1 2 )  w a s  s o l v e d  
f o r  T  b y  m a k i n g  a n  i n i t i a l  e s t i m a t e  T '  o f  T  a n d  u s i n g  N e w t o n ' s  m e t h o d  t o  a d j u s t  
T '  u n t i l  X ( T ' )  w a s  w i t h i n  o n e  p a r t  i n  1 0
5  
o f  X ( T ) .  U s u a l l y  v e r y  f e w  i t e r a t i o n s  w e r e  
r e q u i r e d  t o  s a t i s f y  t h i s  c o n d i t i o n .  
E q u a t i o n  ( 9 b )  i n  c o n j u n c t i o n  w i t h  e q u a t i o n  ( I I )  o r  ( 1 2 )  r e l a t e s  t h e  f r e e  t i m e  T  
t o  t h e  p r o b a b i l i t y  P  t h a t  t h e  f r e e  t i m e  i s  l e s s  t h a n  o r  e q u a l  t o  T  o n  t h e  a s s u m p t i o n  
t h a t  t h e  s i m p l e  e n e r g y  d e p e n d e n c e  o f  t h e  c r o s s  s e c t i o n  u p o n  w h i c h  e i t h e r  ( I I )  o r  ( 1 2 )  
i s  b a s e d  r e m a i n s  u n c h a n g e d  o v e r  t h e  e n t i r e  l e n g t h  o f  t h e  f r e e  p a t h .  H o w e v e r ,  s o m e  
m o d i f i c a t i o n  t o  t h e  m e t h o d  o f  r e l a t i n g  T  t o  P  i s  r e q u i r e d  w h e n e v e r  t h e  e l e c t r o n  
c r o s s e s  t h e  i n e l a s t i c  t h r e s h o l d  e i t h e r  t h r o u g h  g a i n i n g  e n e r g y  b y  t r a v e l l i n g  i n  t h e  
d i r e c t i o n  o f  t h e  e l e c t r i c  f o r c e  o r  l o s i n g  e n e r g y  b y  t r a v e l l i n g  a g a i n s t  i t .  *  I n  t h i s  e v e n t  
*  T h r o u g h o u t  t h i s  p a p e r  s i m p l e  m o d e l s  a r e  c o n s i d e r e d  i n  w h i c h  t h e r e  i s  a  s i n g l e  i n e l a s t i c  p r o c e s s  
w i t h  a  t h r e s h o l d  e n e r g y  8 k  = =  8 f .  I n  w h a t  f o l l o w s  t h e r e f o r e  t h e  a r g u m e n t s  a p p l y  t o  t h i s  s i t u a t i o n  
o n l y ,  a l t h o u g h  t h e y  c a n  b e  e x t e n d e d  w i t h o u t  d i f f i c u l t y  t o  t h e  c a s e  o f  a  n u m b e r  o f  i n e l a s t i c  p r o c e s s e s .  
T o  s i m p l i f y  t h e  t e r m i n o l o g y  f r o m  h e r e  o n  t h e  s u b s c r i p t  0  i s  o m i t t e d  f r o m  t h e  s y m b o l  d e n o t i n g  
t o t a l  c r o s s  s e c t i o n s .  T h u s  t h e  t o t a l  e l a s t i c  c r o s s  s e c t i o n  I T o , .  i s  d e n o t e d  b y  I T .  a n d  t h e  t o t a l  i n -
e l a s t i c  c r o s s  s e c t i o n  I T o  i  b y  I T , .  
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the electron enters an energy regime where the equation for X(t) used up to that time 
no longer applies, since the energy dependence of the cross section assumes a different 
form. The modification consists of treating the free path remaining after the electron 
crosses the threshold as if it were a new free path, determining the probability P B 
that a collision will occur at or before a time TB after the threshold has been crossed, 
and relating the residual free time TB to P B using a form of equation (11) or (12) 
appropriate to the situation that exists after the threshold has been crossed. 
Having selected a random number R, we must first determine whether R is greater 
than P A, the probability that a collision will occur before the electron reaches the 
threshold energy. If we find R > P A then P B can be calculated from Rand P A since 
the total probability of collision P (== R) is the sum of P A and the product of P B 
and the probability of the electron not having collided before traversing the threshold 
energy. Thus 
R = PA+(I-P~PB or PB = (R-PA)/(l-P~. 
Once P B has been determined, X(TB) and hence TB can be found. The collision 
point that terminates the free path can thus be determined, the position of the 
electron having been updated at the time of crossing the threshold. 
When the energy of the electron at the point of collision is above the threshold 
energy a further random number R' is generated to determine the collision type. 
If we have 
R' ~ O'e(u)/{O'~(u)+O'lu)}, 
where u is the speed at the time of collision, then the collision is considered to be elastic. 
Otherwise it is taken to be inelastic. 
Null Collision Method 
A major drawback to the direct method is the fact that only certain functional 
dependences of O'(v) can be easily treated. However, it is ultimately desirable to be 
able to model particular cases where the Boltzmann analysis is suspect, so a simulation 
method which can use arbitrary cross sections is required. A method which has this 
property is the null collision method proposed by Skullerud (1968) and recently 
used by Lin and Bardsley (1977) to model ion swarms. 
For a given set of elastic and inelastic cross sections a null collision cross section 
O'n(v) is defined so that 
O'(v) = O'iv)+ L O'iv) +O'n(v) = Cv- 1 , 
k 
where C is a constant chosen so that we have O'n(v) > 0 over the energy range of 
interest. In the present work, which is restricted to a single inelastic cross section 
O';(v), the equation becomes 
u(v) = O'eCv)+O';(v)+O'n(v) = Cv- 1 • 
Hence, from the probability P, the time between two collision events is readily 
calculated since (from equations 8 and 9b) 
T = -(NC)-lln(l-P). (13) 
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O n c e  t h e  t i m e  o f  t h e  c o l l i s i o n  e v e n t  i s  e s t a b l i s h e d ,  s o  t o o  i s  t h e  v e l o c i t y  U  a n d  
p o s i t i o n  o f  t h e  e l e c t r o n  w h e n  t h e  c o l l i s i o n  e v e n t  o c c u r s .  A  n e w  r a n d o m  n u m b e r  R  
i s  t h e n  g e n e r a t e d  t o  d e t e r m i n e  w h i c h  t y p e  o f  c o l l i s i o n  e v e n t  t a k e s  p l a c e .  I f  w e  h a v e  
U e ( U ) / U ( U )  =  u u e ( u ) / C  >  R ,  
t h e n  t h e  c o l l i s i o n  i s  t a k e n  t o  b e  e l a s t i c ;  i f  w e  h a v e  
U  u e ( u )  <  C R  <  u {  u e ( u )  +  U i ( U ) } ,  
t h e n  t h e  c o l l i s i o n  i s  t a k e n  t o  b e  i n e l a s t i c ;  a n d  i f  w e  h a v e  
U {  u e ( u )  +  U i ( U ) }  <  C R ,  
t h e n  a  n u l l  c o l l i s i o n  i s  c o n s i d e r e d  t o  o c c u r .  I n  a  n u l l  c o l l i s i o n  t h e r e  i s  n o  c h a n g e  i n  
t h e  v e l o c i t y  o f  t h e  e l e c t r o n ,  s o  t h a t  t h i s  t y p e  o f  e v e n t  h a s  n o  e f f e c t  o n  t h e  m o t i o n  o f  
t h e  e l e c t r o n .  T h u s  t h e  a r t i f i c e  o f  t h e  n u l l  c o l l i s i o n  c r o s s  s e c t i o n  h a s  a n  e f f e c t  o n l y  o n  
t h e  c o m p u t a t i o n  o f  t h e  c o l l i s i o n  t i m e s ,  w h i c h  i t  c o n s i d e r a b l y  s i m p l i f i e s .  F u r t h e r -
m o r e ,  s i n c e  o n l y  t h e  c r o s s  s e c t i o n s  a t  t h e  t i m e  o f  a  c o l l i s i o n  e v e n t  a r e  r e q u i r e d ,  t h e  
c r o s s  s e c t i o n s  m a y  h a v e  a n y  f u n c t i o n a l  d e p e n d e n c e  o n  v  o r  m a y  b e  i n t e r p o l a t e d  f r o m  
a  l i s t i n g  o f  t h e  c r o s s  s e c t i o n s .  
A  n u l l  c o l l i s i o n  s i m u l a t i o n ,  b e c a u s e  o f  i t s  s i m p l i c i t y ,  t a k e s  s i g n i f i c a n t l y  l e s s  
c o m p u t e r  t i m e  t h a n  a  s i m u l a t i o n  u s i n g  t h e  d i r e c t  m e t h o d .  T h e  e f f i c i e n c y  o f  t h e  
p r o g r a m  i s  d e p e n d e n t  o n  t h e  p r o p o r t i o n  o f  n u l l  c o l l i s i o n  e v e n t s ,  w h i c h  c a n  b e  r e d u c e d  
b y  d i v i d i n g  t h e  e n e r g y  r a n g e  i n t o  t w o  r e g i o n s  w i t h  a  d i f f e r e n t  v a l u e  o f  C  f o r  e a c h  
r e g i o n .  T h i s  m i n i m i z e s  t h e  i n c r e a s e  i n  u n ( v )  a s  v  a p p r o a c h e s  z e r o  i n  s i t u a t i o n s  w h e r e  
U  o (  v )  d e c r e a s e s  l e s s  r a p i d l y  t h a n  a s  v  - 1 .  I f  a n  e l e c t r o n  c r o s s e s  t h e  b o u n d a r y  d u r i n g  
i t s  f r e e  p a t h ,  t h e  s i t u a t i o n  i s  t r e a t e d  i n  t h e  s a m e  w a y  a s  i t  i s  w h e n  a n  e l e c t r o n  c r o s s e s  
t h e  i n e l a s t i c  t h r e s h o l d  i n  t h e  d i r e c t  m e t h o d .  U s i n g  t h i s  m o d i f i c a t i o n ,  n u l l  c o l l i s i o n  
s i m u l a t i o n s  t o o k  o n l y  a b o u t  5 0  %  o f  t h e  c o m p u t e r  t i m e  r e q u i r e d  f o r  a  d i r e c t  
s i m u l a t i o n .  I n  t h e  s e v e r a l  c a s e s  w h e r e  r e s u l t s  f r o m  t h e  t w o  m e t h o d s  w e r e  c o m p a r e d ,  
n o  s i g n i f i c a n t  d i f f e r e n c e s  w e r e  f o u n d .  
A  f u r t h e r  b e n e f i t  o f  t h e  n u l l  c o l l i s i o n  m e t h o d ,  w h i c h  w a s  n o t  e x p l o r e d ,  i s  t h a t  i t  
c a n  b e  e a s i l y  u s e d  w i t h  m o r e  t h a n  o n e  i n e l a s t i c  c r o s s  s e c t i o n .  
( b )  K i n e m a t i c s  o f  c o l l i s i o n s  
I n  e i t h e r  s i m u l a t i o n  m e t h o d ,  o n c e  t h e  t i m e  a n d  t y p e  o f  a  r e a l  c o l l i s i o n  h a v e  b e e n  
d e t e r m i n e d ,  t h e  p o s i t i o n ,  v e l o c i t y  c o m p o n e n t s ,  d i r e c t i o n  c o s i n e s  c x ,  c
y  
a n d  C
z  
o f  t h e  
v e l o c i t y ,  a n d  e n e r g y  o f  t h e  e l e c t r o n  a t  t h e  t i m e  o f  t h e  c o l l i s i o n  a r e  c a l c u l a t e d .  I t  i s  
t h e n  n e c e s s a r y  t o  d e t e r m i n e  t h e  i n i t i a l  d i r e c t i o n  o f  t h e  e l e c t r o n  a f t e r  s c a t t e r i n g .  
W h e n  t h e  s c a t t e r i n g  i s  i s o t r o p i c ,  t h e  a n g l e s  t h a t  t h e  d i r e c t i o n  m a k e s  w i t h  t h e  t h r e e  
c a r t e s i a n  a x e s  a r e  r a n d o m l y  c h o s e n  a n d  t h e i r  d i r e c t i o n  c o s i n e s  c~, c ;  a n d  c~ a r e  
o b t a i n e d .  T h e  s c a t t e r i n g  a n g l e  e  i s  t h e n  d e t e r m i n e d  f r o m  
e  =  a r c c o s (  C
x  
c~ +  c
y  
c ;  +  C
z  
c~) .  
( 1 4 )  
H o w e v e r ,  w h e n  t h e  s c a t t e r i n g  i s  a n i s o t r o p i c  t h e  f o l l o w i n g  p r o c e d u r e  w a s  a d o p t e d .  
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Let 1(0) be a function that describes the angular dependence of a given scattering 
process. Then the function 
J(O) = I(O) / f: I(O) sin 0 dO (15) 
is a function such that J(O) sin 0 dO is the probability that an electron will be scattered 
within (0, dO). From the argument given in subsection (a) above relating a probability 
density function (in this instance J(O) sin 0) to a random number R chosen from the 
interval [0,1], it follows that fe' R = 0 J(O) sin 0 dO. (16) 
Thus, for example, if we have 1(0) = sinGO) then 
R = sin3GO') or 0' = 2 arcsin(Rt) . 
It is also necessary to determine a random azimuthal angle ¢ for the final velocity 
vector that represents scattering through an angle 0 from the incident direction. This 
angle is selected from a uniform distribution in the interval ° ;:::; ¢ < 2n. The axis 
¢ = ° is defined to be one of the normals to the incident direction parallel to the 
xy plane. 
Except in the special case Cx = cy = 0, the direction cosines c~, c; and c; of the 
recoil velocity are found from 0 and ¢ and the direction cosines cx, cy and Cz of the 
incident velocity by using the relations 
c~ = Cx cos 0 - (cy/ A)cos ¢ sin 0 - (cx cz/ A)sin ¢ sin 0 , (I7a) 
c; = cycosO +(cx/A)cos¢sinO -(cycz/A)sin¢sinO, (I7b) 
C; = Cz cos 0 + A sin ¢ sin 0 , (l7c) 
where A = (c~+c;)t. When we have Cx = cy = 0, then 
c~ = cos ¢ sin 0 , c; = sin ¢ sin 0 , c; = cosO. (18) 
Because the mass of the electron is very much smaller than that of the molecule, 
and since the molecule is considered to be at rest, the recoil energy of the electron 
after an elastic collision is given by 
Sa = sb{l-( 4mM/(m + M)2)sin2(tO)} , (19) 
where Sb and Sa are respectively the energies before· and after the collision. For 
inelastic collisions, the effect of momentum transfer in the collisions was apPJ:"oxi-
mated by taking the recoil energy to be 
Sa = (Sb - Si){ 1- ( 4mMj(m + M)2 )sin2(!O)} , 
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a l t h o u g h  n o  s i g n i f i c a n t  d i f f e r e n c e s  i n  t h e  r e s u l t s  w e r e  o b t a i n e d  w h e n  t h e  r e c o i l  
e n e r g y  w a s  t a k e n  a s  B a  =  B b  - B i '  T h i s  i s  t o  b e  e x p e c t e d  s i n c e  t h e  r e c o i l  e n e r g y  o f  t h e  
m o l e c u l e  i s  n e g l i g i b l e  c o m p a r e d  w i t h  B i '  
I n  t h e  s i m u l a t i o n s ,  o n e  e l e c t r o n  w a s  f o l l o w e d  t h r o u g h  s e v e r a l  m i l l i o n  c o l l i s i o n s ,  
w i t h  e n e r g y  a n d  p o s i t i o n  n o t e d  a t  c o n s t a n t  t i m e  i n t e r v a l s  o f  t h e  o r d e r  o f  a  f e w  m e a n  
f r e e  t i m e s .  I n  t h i s  w a y ,  t h e  a v e r a g e  e n e r g y  a n d  e n e r g y  d i s t r i b u t i o n  w e r e  o b t a i n e d .  
T h e  t r a n s v e r s e  d i f f u s i o n  c o e f f i c i e n t  D  J .  w a s  d e t e r m i n e d  b y  n o t i n g  t h e  c h a n g e  i n  
r a d i a l  p o s i t i o n  o v e r  1  t o  2 0 0  s a m p l e  t i m e s  u s i n g  t h e  r e l a t i o n  
D J .  =  l i m  t - r -
1
< { x ( t + - r ) - X ( t ) } 2 + { y ( t + - r ) _ y ( t ) } 2 ) .  
( 2 0 )  
t - >  0 0  
I n  p r a c t i c e ,  b e c a u s e  o f  s t a t i s t i c a l  s c a t t e r  i n  t h e  a v e r a g e s  a n d  b e c a u s e  t h e  a v e r a g e s  
a p p r o a c h e d  a  l i m i t  q u i t e  r a p i d l y ,  t h e  m e a n  o f  t h e  r e s u l t s  f o r  - r  =  1 0 1  t o  2 0 0  s a m p l e  
t i m e s  w a s  t a k e n  a s  t h e  l i m i t .  F o r  c o m p a r i s o n ,  D  J .  w a s  a l s o  c a l c u l a t e d  f r o m  e q u a t i o n  
( 7 )  w i t h  t h e  e n e r g y  d i s t r i b u t i o n  f u n c t i o n  f (  B )  d e t e r m i n e d  f r o m  t h e  s i m u l a t i o n .  
T h e  d r i f t  v e l o c i t y  w a s  o b t a i n e d  f r o m  t h e  r a t i o  o f  t h e  t o t a l  d i s p l a c e m e n t  t o  t h e  
t o t a l  d r i f t  t i m e  r e p r e s e n t e d  i n  t h e  s i m u l a t i o n ,  t h a t  i s ,  
V d r  =  z / t .  
( 2 1 )  
4 .  R e s u l t s  
I n i t i a l l y  s e v e r a l  s i m p l e  i s o t r o p i c  s c a t t e r i n g  m o d e l s  w e r e  u s e d  i n  o r d e r  t o  g a i n  s o m e  
k n o w l e d g e  o f  h o w  l a r g e  t h e  r a t i o  r I i / r I e  h a s  t o  b e  b e f o r e  t h e  f i r s t - o r d e r  B o l t z m a n n  
a n a l y s i s  l e a d s  t o  e r r o r s  i n  t h e  c a l c u l a t e d  t r a n s p o r t  c o e f f i c i e n t s  o f  m o r e  t h a n  1  %  o r  
2  % .  R e t a i n i n g  t h e  a s s u m p t i o n  o f  i s o t r o p i c  s c a t t e r i n g ,  r e s u l t s  w e r e  t h e n  o b t a i n e d  
f o r  a  m o d e l  a p p r o x i m a t i n g  e l e c t r o n  t r a n s p o r t  i n  C O  i n  t h e  r e g i o n  w h e r e  t h e  e n e r g y  
l o s s  i s  p r e d o m i n a n t l y  t h r o u g h  v i b r a t i o n a l  e x c i t a t i o n .  F i n a l l y ,  a  h y d r o g e n - l i k e  m o d e l  
w a s  c o n s t r u c t e d  t o  e x a m i n e  t h e  e f f e c t  o f  a n i s o t r o p i c  e l a s t i c  a n d  i n e l a s t i c  s c a t t e r i n g .  
( a )  I s o t r o p i c  s c a t t e r i n g  m o d e l s  
( i )  ' C o n s t a n t '  C r o s s  S e c t i o n s  
F o r  t h i s  m o d e l  t h e  e l a s t i c  c r o s s  s e c t i o n  w a s  e v e r y w h e r e  i n d e p e n d e n t  o f  e n e r g y  
a n d  t h e  i n e l a s t i c  c r o s s  s e c t i o n  i n c r e a s e d  d i s c o n t i n u o u s l y  t o  a  c o n s t a n t  v a l u e  a t  t h e  
t h r e s h o l d  e n e r g y .  T h e  p r o p e r t i e s  o f  t h e  m o d e l  a r e  l i s t e d  b e l o w .  
M o l e c u l a r  w e i g h t  
E l a s t i c  c r o s s  s e c t i o n  
I n e l a s t i c  t h r e s h o l d  
I n e l a s t i c  c r o s s  s e c t i o n  
G a s  t e m p e r a t u r e  
G a s  n u m b e r  d e n s i t y  
M  =  4 · 0  a . m . u .  
U .  , =  u r n , .  =  6 · o A 2  ( =  6 · 0 x  1 0 -
2 0  
m
2
)  
I i i  =  0 · 2 e V  
U i ( l i )  =  0  f o r  I i  <  I i i ,  
=  Q  f o r  I i  ; ; .  I i "  w i t h  0  ~ Q  ~ 1 0 A 2  
T = O K  
N  =  1 0
1 7  
c m -
3  
S i m u l a t i o n s  w e r e  c a r r i e d  o u t  a t  E / N  =  1 · 0  a n d  2 4 · 0  T d  b y  f o l l o w i n g  t h e  p a t h  
o f  a  s i n g l e  e l e c t r o n  o v e r  a  t o t a l  n u m b e r  o f  f r e e  p a t h s  C  i n  e x c e s s  o f  1 0
6
•  T h e  
e s t i m a t e d  u n c e r t a i n t y  i n  t h e  t r a n s p o r t  c o e f f i c i e n t s  c a l c u l a t e d  u s i n g  t h e  B o l t z m a n n  
c o d e  i s  0 ' 2 % ;  t h e  v a l u e s  o f  V d r  a n d  < B )  d e t e r m i n e d  b y  t h e  M o n t e  C a r l o  m e t h o d  
a r e  e s t i m a t e d  t o  h a v e  a n  u n c e r t a i n t y  o f  1  %  a n d  t h e  v a l u e  o f  D  J .  a n  u n c e r t a i n t y  o f  
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Table 1. Comparison of values of Vdr and <e) for 'constant' cross section models 
Here, and in the following tables, values obtained from Boltzmann analysis and Monte Carlo 
simulation are denoted by (B) and (MC) respectively, while DJ_ values obtained from equation (7) 
withf(e) from Monte Carlo simulation are denoted by (H) 
E/N Q C Vdr values (105 cm s -1) <e) values (eV) 
(Td) (A2) (106 ) Ddr (B) vdr(MC) <e) (B) <e)(MC) 
(a) Step-function inelastic cross section 
1·0 0 10·0 5·26 5·28 0·608 0·604 
0·1 10·0 11·71 11·74 0·129 0·127 
1·5 3·4 14·44 14·32 0·0835 0·0824 
3·0 4·3 14·78 14·62 0·0799 0·0794 
6·0 5·0 15·07 14·84 0·0778 0·0780 
24·0 0 20-0 25·8 25·9 14·58 14·63 
0·6 4·2 53·7 53·8 3·40 3·36 
3·0 10·0 96·3 94·9 0·602 0·606 
6·0 5·0 109·8 104·6 0·295 0·294 
10·0 3·5 115·9 105·3 0·201 0·194 
(b) Model2A 
24·0 QA 5-0 107·4 100·9 0·2648 0·2635 
A See page 243 of the text. 
Table 2. Comparison of values of Dol for 'constant' cross section models 
EjN Q c Dol values (105cm2s- 1) 
(Td) (A2) (106 ) Dol (B) Dol(MC) Dol (H) 
(a) Step-function inelastic cross section 
1·0 6·0 5·0 0·861 0·850 0·863 
24·0 0 20·0 11·94 11·94 11·94 
0·6 4·2 5·10 5·0 
3·0 10·0 1·649 1·40 1·641 
6·0 5·0 1·055 0·70 1·06 
10·0 3·5 0·903 0·45 0·907 
(b) Model2A 
24·0 QA 5·0 1·031 0·687 1·044 
A See page 243 of the text. 
2 %.* The values obtained for Vdr and (8) (labelled MC) are compared with those 
obtained from the Boltzmann analysis (labelled B) in Table la, while values of the 
transverse diffusion coefficient are compared in Table 2a. The values listed under 
D.L (H) were obtained by using equation (7) with the energy distribution function 
/(8) obtained from the Monte Carlo simulation. 
When (Tj is less than about 0·1 (Te (and at EjN = 1·0 Td for all values of (Tj) the 
agreement between the values of the transport coefficients obtained with the two 
* Subsequent comparison of these results with analytical results (S. L. Lin, personal communication) 
and independent Monte Carlo simulations (H. R. Skullerud, personal communication) shows 
deviations in Dol > 2 % for some cases tested. These deviations have been traced to computer round-
off errors. However, the differences are not sufficiently large to affect any of the conclusions. 
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m e t h o d s  i s  g o o d .  H o w e v e r ,  f o r  E / N  =  2 4 · 0  T d  s i g n i f i c a n t  d i f f e r e n c e s  o c c u r  f o r  t h e  
l a r g e r  v a l u e s  o f  C T i '  p a r t i c u l a r l y  i n  t h e  v a l u e s  o f  D  1 - .  A n  e x a m i n a t i o n  o f  t h e  e n e r g y  
d i s t r i b u t i o n  f u n c t i o n s  s h o w e d  a  d i s c o n t i n u i t y  a t  e
i  
i n  t h e  s l o p e  o f  t h e  f u n c t i o n s  
o b t a i n e d  f r o m  t h e  B o l t z m a n n  c o d e  w h i c h  w a s  n o t  s e e n  i n  t h e  f u n c t i o n s  o b t a i n e d  f r o m  
t h e  s i m u l a t i o n s .  S i n c e  t h e r e  w a s  n o  e v i d e n c e  o f  a  d i s c o n t i n u i t y  i n  t h e  d i s t r i b u t i o n s  
c a l c u l a t e d  f o r  E /  N  =  1 · 0  T d ,  i t  s e e m e d  l i k e l y  t h a t  t h e  B o l t z m a n n  c o d e  w a s  i n a d e q u a t e  
3 · 0 ,  _  i  
: : : '  2 · 0  
i  
3  
. - . .  
~ 
~ 1 · 0  
0  
l o t  ( b )  
-
' "  
~ 
6  
b  
2 [  
l  
0  
0 · 2  
( a )  E / N  =  2 4 · 0  T d  
U j  
- - - -
I  I  
I  
I  
]  
0 · 4  
0 · 6  0 · 8  1 · 0  1 · 2  
€  ( e V )  
F i g .  1 .  P l o t s  o f  ( a )  t h e  e l e c t r o n  e n e r g y  d i s t r i b u t i o n  f u n c t i o n s  / ( 8 )  
o b t a i n e d  f r o m  m o d e l  2  u s i n g  t w o - t e r m  B o l t z m a n n  a n a l y s i s  
( c u r v e  B )  a n d  M o n t e  C a r l o  s i m u l a t i o n  ( c u r v e  M C ) .  T h e  c o r r e -
s p o n d i n g  e l a s t i c  a n d  i n e l a s t i c  c r o s s  s e c t i o n s  a r e  s h o w n  i n  ( b ) .  
w h e n  t h e r e  w e r e  d i s c o n t i n u o u s  c h a n g e s  i n  t h e  c r o s s  s e c t i o n s  a n d  a  s i g n i f i c a n t  p r o p o r -
t i o n  o f  t h e  e l e c t r o n  s w a r m  h a d  e n e r g i e s  i n  t h e  v i c i n i t y  o f  t h e  d i s c o n t i n u i t y .  T o  t e s t  
t h i s  h y p o t h e s i s ,  c o m p a r i s o n s  w e r e  m a d e  u s i n g  t h e  n u l l  c o l l i s i o n  m e t h o d  a n d  a  m o d e l  
( h e r e a f t e r  r e f e r r e d  t o  a s  m o d e l  2 )  i n  w h i c h  t h e  i n e l a s t i c  c r o s s  s e c t i o n s  d i d  n o t  h a v e  a  d i s -
c o n t i n u i t y  a t  t h e  t h r e s h o l d  e n e r g y  ( 0 · 2  e  V )  b u t  w h o s e  m a g n i t u d e  w a s  a d j u s t e d  t o  g i v e  
a n  e n e r g y  d i s t r i b u t i o n  w i t h  a  m e a n  e n e r g y  s i m i l a r  t o  t h a t  f o r  t h e  c a s e  o f  Q  =  6 · 0  A  
2
•  
T h e  c r o s s  s e c t i o n  h a d  t h e  a n a l y t i c a l  f o r m  o f  a  r o t a t i o n a l  e x c i t a t i o n  c r o s s  s e c -
t i o n  c o r r e s p o n d i n g  t o  q u a d r u p o l e  i n t e r a c t i o n  ( G e r j u o y  a n d  S t e i n  1 9 5 5 )  a n d  w a s  
O " i ( e )  =  1 0 · 0 ( 1  - 0 · 2 e -
I
) !  A 2  
( e  ~ 0 · 2 ) .  
( 2 2 )  
T h e  r e s u l t s  o f  t h i s  t e s t  a r e  s h o w n  i n  T a b l e s  I b  a n d  2 b ;  t h e  e n e r g y  d i s t r i b u t i o n s  a n d  
c r o s s  s e c t i o n s  a r e  i l l u s t r a t e d  i n  F i g .  1 .  A  c o m p a r i s o n  o f  t h e  M o n t e  C a r l o  a n d  
B o l t z m a n n  t r a n s p o r t  c o e f f i c i e n t s  f o r  t h e  t w o  m o d e l s  s h o w s  s i m i l a r  d i s c r e p a n c i e s  i n  
e a c h  c a s e  ( e . g .  ' "  5  %  i n  V
d r  
a n d " ,  5 0  %  i n  D  1 - ) ,  b u t  t h e  d i s t r i b u t i o n  f u n c t i o n  c a l c u l a t e d  
tv 
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Fig.2. Representative sample of the energy distribution functions (graphs al-a4) obtained from a 'ramp' inelastic cross !=J 
section model with k = 10 A 2 e V-l using Boltzmann analysis (B) and Monte Carlo simulation (MC). The corresponding ::c 
cross sections are shown in each case (b1-b4). 9. 0. 
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f r o m  t h e  B o l t z m a n n  a n a l y s i s  f o r  m o d e l  2  ( c u r v e  B  i n  F i g .  l a )  i s  q u i t e  s m o o t h .  
T h u s  i t  s e e m s  r e a s o n a b l e  t o  a s s u m e  t h a t  a n y  e r r o r s  a r i s i n g  f r o m  a n  i n a b i l i t y  
o f  t h e  B o l t z m a n n  c o d e  t o  h a n d l e  l a r g e  s t e p - f u n c t i o n  c r o s s  s e c t i o n s  a r e  s m a l l  c o m p -
a r e d  w i t h  t h e  e r r o r s  i n t r o d u c e d  b y  t h e  a p p r o x i m a t i o n s  u s e d  i n  i t s  d e v e l o p m e n t ,  a n d  
t h a t  t h e  o v e r a l l  c o n c l u s i o n s  t h a t  m a y  b e  d r a w n  f r o m  a n  e x a m i n a t i o n  o f  t h e  d a t a  
i n  T a b l e s  l a  a n d  2 a  a r e  v a l i d .  F o r  t h i s  r e a s o n  t h e  l a r g e  e x p e n d i t u r e  o f  c o m p u t e r  t i m e  
n e c e s s a r y  t o  d u p l i c a t e  t h e  r e s u l t s  i n  t h e s e  t a b l e s  u s i n g  m o d e l  2  d i d  n o t  s e e m  j u s t i f i e d .  
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t :  
( 1 )  t h e  e r r o r s  i n  t h e  v a l u e s  o f  V d r  c a l c u l a t e d  u s i n g  t h e  B o l t z m a n n  a n a l y s i s  a r e  
m u c h  s m a l l e r  t h a n  t h o s e  i n  D . L  i n  t h e  c a s e s  w h e r e  s i g n i f i c a n t  e r r o r s  a r i s e ;  
( 2 )  t h e r e  i s  g e n e r a l l y  g o o d  a g r e e m e n t  b e t w e e n  t h e  v a l u e s  o f  D . L  d e r i v e d  f r o m  
e q u a t i o n  ( 7 )  u s i n g  t h e  d i s t r i b u t i o n  f u n c t i o n s  o b t a i n e d  b y  t h e  t w o  m e t h o d s ,  
e v e n  i n  s i t u a t i o n s  w h e r e  t h e r e  a r e  l a r g e  d i f f e r e n c e s  b e t w e e n  t h e s e  v a l u e s  
a n d  t h o s e  d e r i v e d  d i r e c t l y  f r o m  t h e  s i m u l a t i o n  u s i n g  e q u a t i o n  ( 2 0 ) .  
T h e  s i g n i f i c a n c e  o f  t h e s e  t r e n d s  i s  d i s c u s s e d  i n  S e c t i o n  5  b e l o w .  
( i i )  ' R a m p '  I n e l a s t i c  C r o s s  S e c t i o n s  
A s  a  m o r . e  r e a l i s t i c  m o d e l  t h a n  t h e  c o n s t a n t  c r o s s  s e c t i o n  o n e  o f  t h e  p r e v i o u s  
s e c t i o n ,  a  m o d e l  w a s  u s e d  t h a t  h a d  t h e  s a m e  p r o p e r t i e s  a s  t h a t  u s e d  i n  t h e  f i r s t  s e t  
o f  s i m u l a t i o n s ,  e x c e p t  t h a t  t h e  i n e l a s t i c  c r o s s  s e c t i o n  w a s  a  l i n e a r  f u n c t i o n  o f  e n e r g y ;  
t h a t  i s ,  
0 ' ; ( 8 )  =  0  f o r  8  <  8 ; ,  
=  k ( 8 - 8 ; )  f o r  8  ~ 8 ; ,  
w i t h  0  : s ;  k  : s ;  5 0  A 2  e y - l  .  
( 2 3 a )  
( 2 3 b )  
A  c r o s s  s e c t i o n  o f  t h i s  f o r m  m a y  b e  u s e d ,  f o r  e x a m p l e ,  t o  a p p r o x i m a t e  t h e  t h r e s h o l d  
b e h a v i o u r  o f  s o m e  v i b r a t i o n a l  e x c i t a t i o n  c r o s s  s e c t i o n s .  
S e v e r a l  v a l u e s  o f  k  w e r e  s t u d i e d  a t  E I N  =  1 · 0  a n d  2 4 · 0  T d ,  w h i l e  f o r  
k  =  1 0  A 2  e y - l  t h e  i n v e s t i g a t i o n  w a s  a l s o  c a r r i e d  o u t  f o r  a  n u m b e r  o f  v a l u e s  o f  E I N  
i n  t h e  r a n g e  1  : s ;  E I N : S ;  4 0  T d .  T a b l e s  3  a n d  4  g i v e  t h e  r e s u l t s  o b t a i n e d  i n  t h e s e  
c o m p a r i s o n s ,  w h i l e  F i g .  2  i l l u s t r a t e s  s o m e  e l e c t r o n  e n e r g y  d i s t r i b u t i o n s  o b t a i n e d .  
T h e  r e s u l t s  i n  T a b l e  3  s h o w  t r e n d s  s i m i l a r  t o  t h o s e  w h i c h  w e r e  e v i d e n t  i n  t h e  c o n s t a n t  
c r o s s  s e c t i o n  c a s e .  T h e  r e s u l t s  i n  T a b l e  4  s h o w ,  n o t  u n e x p e c t e d l y ,  a  s t e a d i l y  i n c r e a s i n g  
d e p a r t u r e  o f  t h e  r e s u l t s  o f  t h e  B o l t z m a n n  a n a l y s i s  f r o m  t h e  p r e s u m a b l y  a c c u r a t e  
r e s u l t s  o f  t h e  s i m u l a t i o n  a s  E I N  i n c r e a s e s ,  d u e  t o  t h e  s t e a d i l y  i n c r e a s i n g  r a t i o  o f  
0 ' ;  t o  O ' e '  H o w e v e r ,  s u c h  s h o u l d  n o t  b e  t h e  c a s e  f o r  e i t h e r  o f  t h e  m o d e l s  d i s c u s s e d  i n  
s u b s e c t i o n  ( i )  a b o v e  s i n c e ,  b e y o n d  a  c e r t a i n  v a l u e  o f  E I  N ,  t h e  f r a c t i o n  o f  t h e  t o t a l  
e n e r g y  l o s s  a c c o u n t e d  f o r  b y  i n e l a s t i c  c o l l i s i o n s  ( a n d  h e n c e  t h e  i n f l u e n c e  o f  i n e l a s t i c  
c o l l i s i o n s  o n  t h e ·  d i s t r i b u t i o n  f u n c t i o n )  b e g i n s  t o  d e c r e a s e .  T o  d e m o n s t r a t e  t h i s ,  
t r a n s p o r t  c o e f f i c i e n t s  w e r e  o b t a i n e d  u s i n g  m o d e l  2  f o r  a  r a n g e  o f  v a l u e s  o f  E I N .  
T h e  c o m p a r i s o n s  b e t w e e n  t h e  M o n t e  C a r l o  a n d  B o l t z m a n n  r e s u l t s  a r e  s h o w n  i n  
F i g .  3 ,  f r o m  w h i c h  i t  c a n  b e  s e e n  t h a t  t h e  d i f f e r e n c e s  b e t w e e n  t h e  r e s u l t s  f o r  V d r  a n d  
D . L  p a s s  t h r o u g h  m a x i m u m  v a l u e s  a t  i n t e r m e d i a t e  v a l u e s  o f  E I N .  
( i i i )  C O  M o d e l  
T h e  r a t i o  o f  t h e  f i r s t  v i b r a t i o n a l  e x c i t a t i o n  c r o s s  s e c t i o n  t o  t h e  e l a s t i c  s c a t t e r i n g  
c r o s s  s e c t i o n  i s  l a r g e  i n  C O  ( L a n d  1 9 7 8 )  a n d  i t  i s  t h e r e f o r e  p o s s i b l e  t h a t  c o n v e n t i o n a l  
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transport theory may be inadequate for analysis of the results of swarm experiments 
even for relatively small values of E/N. Pointers in this direction are the large 
normalizing factor that had to be applied by Land to the beam data of Ehrhardt et al. 
(1968) to obtain consistency between these data and the swarm data for Vdr and 
D 1./ /1, and the inconsistency between the results of Land's analysis of swarm data 
in pure CO and H. B. Milloy's (personal communication) analysis of Vdr data in 
Ar-CO and He-CO mixtures. 
Table 3. Comparison of values of Vdn (8) and D 1. for 'ramp' inelastic cross section models 
E/N k C Vdr values (106 ems-1) (8) values (eY) D1. values (10Sem2s-1) 
(Td) (A2 ey-l) (106) Vdr(B) vdr(MC) (8) (B) (8)(MC) D1.(B) D1.(MC) D1.(H) 
1·0 3·0 5·0 1·177 1·175 0·1187 0·1192 1·071 1·076 1·077 
4·0 5·0 1·202 1·186 0·1139 0·1136 1·050 1·058 1·051 
5·0 5·0 1·221 1·193 0·1105 0·1101 1·034 1·034 1·034 
10·0 5·0 1·275 1·255 0·1016 0·1013 0·990 0·986 0·991 
50·0 5·0 1·379 1·369 0·0882 0·0882 0·921 0·920 0·920 
24·0 1·0 5·0 6·87 6·84 1·250 1·251 2·912 2·873 2·921 
2·0 5·0 7·62 7·54 0·885 0·883 2·336 2·221 2·343 
5·0 5·0 8·54 8·39 0·569 0·566 1·754 1·570 1·764 
10·0 5·0 9·15 8·89 0·416 0·413 1·438 1·194 1·452 
Table 4. Comparison of values of Vdn (8) and D 1. at various E/ N for one 'ramp' model 
The results shown are for k = IOA2 ey-l 
E/N C Vdr values (106 ems-1) (8) values (eV) D1. values (10Sem2 s-1) 
(Td) (106) Vdr (B) vdr(MC) (8) (B) <e)(MC) D1.(B) D1.(MC) D1.(H) 
1·0 5·0 1·275 1·255 0·1016 0·1013 0·990 0·986 0·991 
5·0 5·0 4·36 4·28 0·1742 0·1738 1·226 1·126 1·231 
10·0 5·0 6·45 6·27 0·2470 0·2455 1·343 1·175 1·350 
15·0 5·0 7·73 7·51 0·312 0·310 1·398 1·189 1·408 
20·0 5·0 8·64 8·37 0·371 0·368 1·431 1·197 1·439 
24·0 5·0 9·15 8·89 0·416 0·413 1-438 1·194 1·452 
30·0 5·0 9·76 9·50 0·480 0·476 1·447 1·196 1·462 
40·0 5·0 10·50 10·24 0·579 0·574 1·448 1·188 1·463 
As a first step towards a detailed examination of the problem, a model was 
constructed having a momentum transfer cross section and an effective vibrational 
excitation cross section that are consistent with electron drift velocities in CO and in 
He-CO and Ar-CO mixtures (Milloy, personal communication). The molecular 
weight was taken as 28·01 a.m.u., the inelastic threshold as 0·266 eV, and the gas 
number density as 1017 cm - 3. The comparison was made (using the null collision 
method for the simulation) at E/N = 20·0 Td, where a significant fraction of the 
electron population is above Ri' 
Fig. 4 shows the cross sections for the model and the electron energy distributions 
obtained by the two methods; the transport coefficients are compared in Table Sa. 
The differences between the transport coefficients are not significant even though 
there are significant differences in the distribution functions below O' 5 eV. The signi-
ficance of these results and their extension to include anisotropic inelastic scattering 
are discussed in Sections 4b and 5. 
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( b )  A n i s o t r o p i c  s c a t t e r i n g  m o d e l s  
( i )  I s o t r o p i c  E l a s t i c  S c a t t e r i n g ,  A n i s o t r o p i c  I n e l a s t i c  S c a t t e r i n g  
A s  p o i n t e d  o u t  i n  S e c t i o n  2 ,  a n  a s s u m p t i o n  u s u a l l y  a d o p t e d  i n  t h e  a p p l i c a t i o n  
o f  e q u a t i o n s  ( 5 ) - ( 7 )  i s  t h a t  t h e  i n e l a s t i c  c r o s s  s e c t i o n  i s  s m a l l  c o m p a r e d  w i t h  t h e  
e l a s t i c  c r o s s  s e c t i o n  o r  t h a t  t h e  i n e l a s t i c  s c a t t e r i n g  i s  r e a s o n a b l y  i s o t r o p i c .  I t  i s  t h e n  
j u s t i f i a b l e  t o  o m i t  t h e  t e r m s  i n  V 1 , k  f r o m  t h e  e x p r e s s i o n  f o r  t h e  e f f e c t i v e  m o m e n t u m  
t r a n s f e r  c r o s s  s e c t i o n .  T h e  c r o s s  s e c t i o n  i s  t h e n  g i v e n  b y  
O " m ( V )  =  O " m , . ( v ) +  L  O " O , k ( V ) ,  
k  
s i n c e  t h e r e  a r e  n o  s u p e r e l a s t i c  c o l l i s i o n s  ( T  =  0  K ) .  I n  t h e  p r e s e n t  c a s e  w e  h a v e  
O " m ( V )  =  O " . ( v )  +  O " i ( V ) ,  
1 0 · O r ' - - - - - - - - r - - - - - - - - . - - - - - - - - , - - - - - - - - - r - - - - - - - - r - - - - - - - - ,  
1 0 0  
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E I N  
( T d )  
F i g .  3 .  D i s c r e p a n c i e s  b e t w e e n  t h e '  v a l u e s  o f  V d r  a n d  D . L  c a l c u l a t e d  u s i n g  B o l t z m a n n  
a n a l y s i s  a n d  M o n t e  C a r l o  s i m u l a t i o n  w i t h  m o d e l  2 ,  p l o t t e d  a s  a  f u n c t i o n  o f  E / N .  
( 2 4 )  
H o w e v e r ,  w h e n  n e i t h e r  o f  t h e  c o n d i t i o n s  a b o v e  i s  c l e a r l y  s a t i s f i e d  t h e  v a l i d i t y  o f  
t h i s  a s s u m p t i o n  r e q u i r e s  v e r i f i c a t i o n .  M o r e o v e r ,  t h e  f a c t  t h a t  s c a t t e r i n g  i s  a n i s o t r o p i c  
i n  a  p r o p o r t i o n  o f  t h e  c o l l i s i o n s  c o u l d  l e a d  t o  a  g r e a t e r  a n i s o t r o p y  i n  t h e  v e l o c i t y  
d i s t r i b u t i o n  f u n c t i o n s  a n d  t h e r e f o r e  t o  l a r g e r  e r r o r s  f r o m  t h e  u s e  o f  t h e  t w o - t e r m  
r e p r e s e n t a t i o n s  o f  t h e s e  f u n c t i o n s .  
T o  e x a m i n e  t h e  m a g n i t u d e  o f  t h e  e r r o r s  a r i s i n g  f r o m  t h e  a p p r o x i m a t i o n s  i n  t h e  
B o l t z m a n n  a n a l y s i s  i n  a  s i t u a t i o n  w h e r e  o n l y  t h e  i n e l a s t i c  s c a t t e r i n g  w a s  a n i s o t r o p i c ,  
a n i s o t r o p y  i n  t h e  v i b r a t i o n a l  e x c i t a t i o n  c o l l i s i o n s  w a s  b u i l t  i n t o  t h e  C O  m o d e l  
d e s c r i b e d  i n  s u b s e c t i o n  a ( i i i )  a b o v e .  I n  t h e  r e g i o n  o f  r e s o n a n t  v i b r a t i o n a l  e x c i t a t i o n ,  
t h e  a n g u l a r  s c a t t e r i n g  d i s t r i b u t i o n s  a r e  l a r g e l y  i n d e p e n d e n t  o f  e n e r g y  ( E h r h a r d t  e t  a l .  
1 9 6 8 )  a n d  c a n  b e  r e p r e s e n t e d  t o  a  g o o d  a p p r o x i m a t i o n  b y  
1 ( 0 )  =  !  +  !  c o s  0  + !  c o s
2
0 .  
T h e  d i f f e r e n t i a l  c r o s s  s e c t i o n  f o r  v i b r a t i o n a l  e x c i t a t i o n  O " n i v ,  0 )  i s  g i v e n  b y  
O " n i v , O )  =  ! n -
1  
O " l v ) J ( O ) ,  ( 2 5 )  
w i t h  J ( O )  r e l a t e d  t o  1 ( 0 )  b y  e q u a t i o n  ( 1 5 ) .  
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Monte Carlo simulations were made using the cross section given by equation 
(25), with the same total vibrational cross section O"i(V) and elastic cross section 
as those used in the CO-model simulation previously described. The comparison 
between the transport coefficients from the simulation and from the two-term 
Boltzmann analysis is shown in Table 5b. No significant differences were found, 
indicating that in this case neither the use of equation (24) nor the two-term approxi-
mation leads to significant error. 
EIN 
(Td) 
20·0 
20·0 
---
'i' $ 
---~ 
.... 
~ 
'" 
---
N 
~ 
'" 
(a) E/N=20 Td 
0·8 
01 ~ 
(b) 
• (eV) 
Fig. 4. Electron energy distribution functions (a), from the Boltzmann analysis 
(B) and the Monte Carlo simulation (MC), and cross sections (b) for the CO model. 
Table 5. Comparison of values of Vdr. <e> and D.L for CO model 
C 
(106 ) 
Vdr values (106 cm s -1) 
Vdr (B) Vdr (MC) 
<e> values (eV) 
<e> (B) <e> (MC) 
D.L values (105 cm2 s -1) 
D.L(B) D.L(MC) D.L(H) 
(a) Isotropic elastic and inelastic scattering 
7·5 2·628 2·595 0·717 0·718 1·044 1·054 1·046 
(b) Isotropic elastic scattering, anisotropic inelastic scattering 
7·5 2·628 2·645 0·717 0·721 1·044 1·050 1·047 
(ii) Anisotropic Total Scattering 
The work described in this paper was initiated as part of an overall program 
to resolve the discrepancies between the vibrational excitation cross sections for 
hydrogen near threshold, as determined by beam and swarm experiments. One 
possible explanation is inadequacy of the transport theory used to analyse the swarm 
results. 
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I n  t h e  E / N  r a n g e  ( 1 0 - 2 5  T d )  w h e r e  t h e  t r a n s p o r t  c o e f f i c i e n t s  s h o w  a  m a x i m u m  
s e n s i t i v i t y  t o  t h e  f i r s t  v i b r a t i o n a l  c r o s s  s e c t i o n  n e a r  t h r e s h o l d  ( C r o m p t o n  e t  a l .  1 9 7 0 ) ,  
m o r e  t h a n  5 0  %  o f  t h e  p o w e r  i n p u t  t o  t h e  s w a r m  i s  d i s s i p a t e d  i n  v i b r a t i o n a l  e x c i t a -
t i o n  ( C r o m p t o n  e t  a l .  1 9 6 9 ) .  M o r e o v e r ,  i n  t h e  e n e r g y  r a n g e  o f  i n t e r e s t ,  t h e  s u m  o f  
t h e  r o t a t i o n a l  e x c i t a t i o n  c r o s s  s e c t i o n s  i s  n e v e r  m o r e  t h a n  a b o u t  1 0  %  o f  t h e  t o t a l  
c r o s s  s e c t i o n .  I t  i s  t h e r e f o r e  r e a s o n a b l e  t o  s i m u l a t e  e l e c t r o n  t r a n s p o r t  i n  h y d r o g e n  
f o r  E j N ' "  2 0  T d  u s i n g  a  m o d e l  w i t h  a  s i n g l e  i n e l a s t i c  c h a n n e l .  B e c a u s e  o f  t h e  
a p p r o x i m a t e l y  l i n e a r  i n c r e a s e  o f  t h e  v i b r a t i o n a l  e x c i t a t i o n  c r o s s  s e c t i o n  n e a r  
t h r e s h o l d  a n d  t h e  s l o w  v a r i a t i o n  o f  t h e  e l a s t i c  c r o s s  s e c t i o n  i n  t h e  e n e r g y  r a n g e  
0 , 1 - 2  e V ,  a  m o d e l  o f  t h e  f o r m  d e s c r i b e d  i n  s u b s e c t i o n  a ( i i )  a b o v e  c a n  b e  u s e d .  
1 · 0 0 " " 1 < . . . . . - - . . . ,  
0 · 7 5  
. . - . ,  
~ 
0 · 5 0  
0 · 2 5  
o  
' I r  
S c a t t e r i n g  a n g l e  f I  ( r a d )  
F i g .  5 .  A n g u l a r  d i s t r i b u t i o n s  I ( B )  u s e d  f o r  t h e  a n i s o t r o p i c  t o t a l  s c a t t e r i n g  m o d e l s :  
c u r v e  B ,  I ( B )  =  c o s
4
B ;  c u r v e  C ,  I ( B )  =  e x p {  - 1 ·  5 ( c o s  B  +  I ) } ;  c u r v e  D ,  d i s t r i b u t i o n  
w i t h  s t r o n g  f o r w a r d  a n d  b a c k  s c a t t e r i n g  ( s e e  t e x t ) .  
T h i s  m o d e l  w a s  u s e d  t o  t e s t  t h e  e f f e c t  o f  a n i s o t r o p i c  t o t a l  s c a t t e r i n g ,  a n d  h a d  t h e  
f o l l o w i n g  c h a r a c t e r i s t i c s :  
M o l e c u l a r  w e i g h t  
E l a s t i c  m o m e n t u m  t r a n s f e r  c r o s s  s e c t i o n  
I n e l a s t i c  t h r e s h o l d  
I n e l a s t i c  c r o s s  s e c t i o n  
G a s  t e m p e r a t u r e  
G a s  n u m b e r  d e n s i t y  
D r i f t  f i e l d  
M  =  2 · 0  a . m . u .  
O " m  • •  =  I o A 2  
e i  =  0 · 5 I 6 e V  
O " I ( e )  =  0  f o r  e  <  e l  
=  0 · 4 ( e - e l ) A 2  f o r  e ; ; '  e ,  
T = O K  
N  =  1 0
1 7  
c m -
3  
E =  2 5 · 0 V c m -
1  
T h e  i n v e s t i g a t i o n  c a n  b e  d i v i d e d  i n t o  t w o  p a r t s ,  a c c o r d i n g  t o  w h e t h e r  t h e  a n g u l a r  
s c a t t e r i n g  d i s t r i b u t i o n  1 ( 0 )  i s  s y m m e t r i c  a b o u t  0  =  - ! - 1 1 :  o r  n o t .  
S y m m e t r i c  s c a t t e r i n g .  T h e  t w o  a n g u l a r  d i s t r i b u t i o n s  c h o s e n  w e r e  c h a r a c t e r i z e d  b y :  
( A )  i s o t r o p i c  s c a t t e r i n g  1 ( 0 )  =  1 ,  
( B )  p r o n o u n c e d  f o r w a r d  a n d  b a c k  s c a t t e r i n g  
1 ( 0 )  =  c o s
4
0 .  
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The angular distribution B is illustrated in Fig. 5, and the results of the simulation 
are compared with those from the Boltzmann analysis in Table 6 (cases A and B). 
There is a significant difference (,...., 5 %) only in the values of D.L for case B. 
Table 6. Comparison of values of Vdr, (8) and D 1. for hydrogen"like model 
Case EIN C Vdr values (l06 cms -') (8) values (eV) I D1. values (105 cm2 s-') 
(Td) (106) Vdr (B) vdr(MC) (8) (B) <8)(MC) Dl.(B) D1.(MC) D1.(H) 
A 25·0 20·0 5·27 5·26 1·232 1·234 2·003 1·984 2·000 
B 25·0 10·0 5·27 5·24 1·232 1·229 2·003 1·898 1·999 
T 25·0 10·0 5·27 5·13 1·232 1·216 2·003 1·919 
D 25·0 10·0 5·27 5·12 1·232 1·210 2·003 1·795 
Asymmetric scattering. Two angular distributions were chosen to have the same ratio 
of (Jrn,e to (Je' These distributions, also illustrated in Fig. 5, were characterized by: 
(C) predominantly back scattering 1(8) = exp{ -I'5(cos8 + I)}; 
(D) predominantly forward and 1(8) = 1 for 0 < 8 < 0'134n, 
back scattering = 0 for 0'134n ~ 8 < 3n/4, 
= 1 for 3n/4 ~ 8. 
For these distributions (J rn,e = 1·438 (J e' In order to keep the transport properties 
approximately the same as those for the symmetric scattering models, the total 
elastic scattering cross section was reduced to 6· 954 A 2 thus maintaining (Jrn,e at 
10·0 A 2 • The results of the simulations with these models are shown in Table 6 
(cases C and D). There is a significant difference (,...., 4 %) between the values of D.L 
obtained from the analysis and from the simulation for case C, and a serious 
discrepancy (,...., 12 %) for case D. In each case there is a difference of the order of 
3 % in the values of Vdr and 2 % in (8). This difference is presumably due to the 
approximation inherent in the use of equation (4) for (Jrn(v), since there is no 
corresponding difference for case B where there is marked anisotropy but (Jl,i = O. 
(This conclusion is confirmed by S. L. Lin and colleagues (personal communication) 
whose calculations for the same model in the two-term approximation did not in-
volve the approximation of equation (4).) 
5. Discussion 
The five models for which results were given in Section 4 were chosen to illustrate 
specific points which will be discussed below, but some general conclusions can be 
drawn from the results obtained for all models. 
From Fig. 2 and Table 3 it can be seen that, at a given EIN, there can be 
significant differences between the energy distribution functions derived from the 
Boltzmann analysis and from the simulations even when the differences between 
the transport coefficients are small. This is not unexpected since vdt> (8) and D.L are 
averages taken over the whole distribution function, but it is fortunate in that it 
extends the range of validity of the conventional analytical method in situations 
where the analysis of swarm experiments rests on data for Vdr and D.L alone. 
However, circumstances can be envisaged in which errors in the calculated distribution 
functions at low energies could lead to misinterpretation of experimental data for a 
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t r a n s p o r t  c o e f f i c i e n t ;  f o r  e x a m p l e ,  a n  a t t a c h m e n t  c o e f f i c i e n t  f o r  a  g a s  w h e r e  t h e  
a t t a c h m e n t  c r o s s  s e c t i o n  w a s  l a r g e  a t  l o w  e n e r g i e s  b u t  s m a l l  a t  h i g h e r  e n e r g i e s .  
W h e r e  t h e r e  a r e  s i g n i f i c a n t  e r r o r s  i n  t h e  a n a l y t i c a l l y  d e r i v e d  ( B o l t z m a n n )  t r a n s p o r t  
c o e f f i c i e n t s ,  t h e  e r r o r s  a r e  a l w a y s  m u c h  l a r g e r  i n  D l .  t h a n  i n  V d r  o r  ( e ) .  M o r e o v e r  
D l .  ( H ) ,  t h e  v a l u e  o f  D l .  c a l c u l a t e d  u s i n g  e q u a t i o n  ( 7 )  a n d  t h e  e n e r g y  d i s t r i b u t i o n  
f u n c t i o n  f r o m  t h e  s i m u l a t i o n ,  i s  a l w a y s  m u c h  c l o s e r  t o  t h e  a n a l y t i c a l l y  d e r i v e d  v a l u e  
t h a n  t h e  v a l u e  d e r i v e d  d i r e c t l y  f r o m  t h e  s i m u l a t i o n  u s i n g  e q u a t i o n  ( 2 0 ) .  N o w  t h e  
f o r m u l a  f o r  D l .  c o n s i s t e n t  w i t h  t h e  o r d e r  o f  a p p r o x i m a t i o n  u s e d  i n  t h e  c o n v e n t i o n a l  
B o l t z m a n n  a n a l y s i s  i s  g i v e n  b y  e q u a t i o n  ( 7 ) ,  w h i l e  t h e  f o r m u l a  f o r  V d r  w i t h o u t  
a p p r o x i m a t i o n  i s  
1 ( 2 ) t  r o o  
V d r  =  ' 3  m  J o  e ! l ( e )  d e .  
( 2 6 )  
T h e  u s e  o f  e q u a t i o n  ( 2 6 )  w i t h . f t ( e )  d e r i v e d  f r o m  t h e  B o l t z m a n n  a n a l y s i s  l e a d s  t o  v a l u e s  
o f  V
d r  
t h a t  a r e  g e n e r a l l y  i n  a g r e e m e n t  w i t h  t h o s e  f r o m  t h e  s i m u l a t i o n .  M o r e o v e r ,  
t h e  v a l u e s  o f  D l .  c a l c u l a t e d  u s i n g  e q u a t i o n  ( 7 )  w i t h  f o ( e )  d e r i v e d  e i t h e r  f r o m  t h e  
B o l t z m a n n  a n a l y s i s  o r  f r o m  t h e  s i m u l a t i o n  a r e  a l s o ,  w i t h  s o m e  e x c e p t i o n s ,  i n  g o o d  
a g r e e m e n t .  I t  a p p e a r s  t h e r e f o r e  t h a t  t h e  e r r o r s  i n  t h e  a n a l y t i c a l l y  d e r i v e d  v a l u e s  o f  
f o ( e )  a n d ! l ( e )  t h a t  r e s u l t  f r o m  t h e  a p p r o x i m a t i o n s  d o  n o t  l e a d  t o  l a r g e  e r r o r s  i n  t h e  
t r a n s p o r t  c o e f f i c i e n t s  b u t  t h a t ,  w h e r e  l a r g e  e r r o r s  o c c u r ,  t h e y  c a n  b e  a t t r i b u t e d  t o  
t h e  a p p r o x i m a t e  f o r m  o f  e q u a t i o n  ( 7 ) .  
C o n s t a n t  C r o s s  S e c t i o n ;  I s o t r o p i c  S c a t t e r i n g  
T h i s  m o d e l  w a s  c h o s e n  i n  o r d e r  t o  g e t  s o m e  f e e l  f o r  h o w  l a r g e  t h e  r a t i o  o f  u i / u .  
h a s  t o  b e  b e f o r e ,  i n  t h e  m o s t  f a v o u r a b l e  c i r c u m s t a n c e  o f  i s o t r o p i c  t o t a l  s c a t t e r i n g ,  
s i g n i f i c a n t  e r r o r s  r e s u l t  f r o m  t h e  u s e  o f  t h e  c o n v e n t i o n a l  a n a l y s i s .  F r o m  T a b l e s  1  
a n d  2  i t  c a n  b e  s e e n  t h a t  V d r  a n d  D l .  . a r e  d e t e r m i n e d  w i t h  a c c e p t a b l e  a c c u r a c y  u p  
t o  v a l u e s  o f  t h e  r a t i o  u J u
e  
o f  0 ' 5  a n d  0 · 1  r e s p e c t i v e l y .  T h e  s l o w  v a r i a t i o n  o f  t h e  
e r r o r s  w i t h  E I N  s h o w n  b y  t h e  r e s u l t s  f o r  m o d e l  2  ( s e e  F i g .  3 )  s u g g e s t s  t h a t ,  e v e n  i f  
E I N  =  2 4  T d  i s  n o t  t h e  v a l u e  a t  w h i c h  t h e  m a x i m u m  e r r o r s  i n  V d r  a n d  D l .  o c c u r ,  
t h e  g e n e r a l  c o n c l u s i o n s  a r e  u n l i k e l y  t o  b e  u p s e t .  
F o r  c o m p a r i s o n  i t  i s  i n t e r e s t i n g  t o  n o t e  t h a t ,  i f  o n e  w e r e  t o  s i m u l a t e  t h e  f i r s t  
( 0 1 0 )  v i b r a t i o n a l  e x c i t a t i o n  c r o s s  s e c t i o n  i n  C O
2  
b y  a  c r o s s  s e c t i o n  t h a t  i s  c o n s t a n t  
a b o v e  t h r e s h o l d ,  t h e n  t h e  r a t i o  o f  u J u .  w o u l d  b e  o f  t h e  o r d e r  o f  0  . 1 .  T h e  c r o s s  s e c t i o n  
d e c r e a s e s  f o r  e n e r g i e s  a b o v e  a b o u t  0 · 1 5  e V ,  a n d  t h e  e n e r g y  l o s s  a s s o c i a t e d  w i t h  
t h e  e x c i t a t i o n  i s  o n l y  a b o u t  0 · 0 8  e V  r a t h e r  t h a n  t h e  0 · 2  e V  l o s s  a s s u m e d  f o r  t h i s  
m o d e l .  E v e n  t h o u g h  b o t h  t h e s e  f a c t o r s  w o u l d  t e n d  t o  r e d u c e  t h e  e r r o r s  i n  t h e  
t r a n s p o r t  c o e f f i c i e n t s  c a l c u l a t e d  f r o m  t h e  B o l t z m a n n  a n a l y s i s ,  t h e  e f f e c t  o f  a n i s o t r o p i c  
s c a t t e r i n g  c o u l d  m o r e  t h a n  c o m p e n s a t e  f o r  a n y  r e d u c t i o n .  E l e c t r o n  t r a n s p o r t  i n  C O
2  
t h e r e f o r e  s e e m s  t o  b e  a  c a s e  i n  w h i c h  a  d e t a i l e d  e x a m i n a t i o n  n e e d s  t o  b e  m a d e  o f  t h e  
a d e q u a c y  o f  t h e  c o n v e n t i o n a l  t r a n s p o r t  t h e o r y .  
' R a m p '  I n e l a s t i c  C r o s s  S e c t i o n s  
E x t e n s i v e  s i m u l a t i o n s  w e r e  c a r r i e d  o u t  w i t h  t h i s  m o d e l  b e c a u s e  t h e  s m o o t h  
v a r i a t i o n  o f  t h e  c r o s s  s e c t i o n s  a l l o w e d  t h e  B o l t z m a n n  c o d e  t o  f u n c t i o n  s a t i s f a c t o r i l y  
a n d  b e c a u s e  t h e  e n e r g y  d e p e n d e n c e  o f  t h e  c r o s s  s e c t i o n s  a l l o w e d  t h e  ' d i r e c t '  s i m u l a t i o n  
m e t h o d  t o  b e  u s e d .  A l t h o u g h  t h e  r e s u l t s  o b t a i n e d  a r e  s p e c i f i c  t o  a  ' g a s '  w i t h  a n  a t o m i c  
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weight of 4 and an inelastic energy loss of 0·2 eY, they suggest that the threshold 
slope of an inelastic cross section has to be comparatively large (-2·0 A2 ey- 1) for 
a realistic elastic cross secti()n of 6·0 A 2 before the analytical results become seriously 
in error, provided the scattering is isotropic. 
CO Model 
The development of the null collision method made it possible to examine a model 
with arbitrarily varying cross sections and opened the possibility of studying a model 
more closely approximating a real gas, in this case CO. The model was used in a 
simulation at a value of EI N where the· energy distribution function and transport 
coefficients are sensitive to the vibrational cross section. The results of the simulation 
are significant in that they provide a check of the accuracy of the Boltzmann results 
using realistic scattering parameters, apart from the fact that the elastic scattering 
was assumed to be isotropic. 
The results given in Table 5 suggest that no serious errors are likely to result from 
the application of the standard Boltzmann analysis to the calculation of f(8), Vdr 
and D.L in CO for EIN :::::; 20 Td. However, it should be emphasized that these results 
cannot be regarded as ruling out altogether the possibility of a breakdown of the 
validity of the analysis as applied to CO or mixtures containing CO given the 
importance of anisotropy ili the total scattering, as demonstrated by the results for 
the hydrogen-like model. A systematic study of the problem must await the applica-
tion of computer codes based on more accurate solutions of the Boltzmann equation 
(e.g. Lin et al. 1979) because of the immense amount of computer time required to 
make such a study using simulation techniques. 
Hydrogen-like Model 
The comparisons between the analytical results and those from the simulation for 
a model in which all scattering is anisotropic was carried out only for the hydrogen-like 
model. In order to exaggerate the consequences of a breakdown of the validity of 
the conventional analysis as applied to hydrogen in the low energy regime, the 
threshold slope of the vibrational cross section was made a factor of 2 larger than the 
slope determined by Crompton et al. (1970) from an analysis of swarm data for para-
hydrogen. The results in Table 6 show that the consequences of marked anisotropy 
are likely to be serious. From the results obtained with the first model with a ramp 
inelastic cross section, it is not surprising to see no significant difference between 
the two sets of data for Vdr and D.L when the scattering is isotropic. However, in all 
three cases where the scattering is anisotropic the analytically determined values of D .L 
are significantly in error even though the error is large only in case D. Significant 
errors arise in the analytically determined values of Vdr and (8) only when (il,; :I: O. 
These conclusions are supported by the recent work of S. L. Lin and colleagues 
(personal communication), who have developed a numerical solution of Boltzmann's 
equation, avoiding the approximations described in Section 2, and have applied it 
to the model discussed here. 
6. Conclusions 
Although there have been predictions of the general conditions under which the 
assumptions inherent in the conventional Boltzmann analysis of electron transport 
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i n  m o l e c u l a r  g a s e s  m i g h t  b e c o m e  i n v a l i d ,  t h e r e  a p p e a r s  t o  h a v e  b e e n  n o  q u a n t i t a t i v e  
w o r k  o f  t h e  t y p e  d e s c r i b e d  i n  t h i s  p a p e r .  T h e  p r o v i s i o n  o f  d a t a  f o r  s o m e  s i m p l e  
m o d e l s  b y  m e a n s  o f  M o n t e  C a r l o  s i m u l a t i o n s  h a s  m a d e  i t  p o s s i b l e  t o  d e m o n s t r a t e  
q u a n t i t a t i v e l y  t h e  e r r o r s  t h a t  a r i s e  i n  s o m e  s p e c i f i c  s i t u a t i o n s .  A l t h o u g h  t h e  s t u d y  i s  
n e c e s s a r i l y  l i m i t e d ,  i t  h a s  b e e n  s h o w n  t h a t  t h e r e  a r e  s o m e  s i t u a t i o n s  i n  w h i c h  t h e  
c o n v e n t i o n a l  a n a l y s i s  i s  c l e a r l y  a d e q u a t e ,  a n d  o t h e r s  t h a t  r e q u i r e  f u r t h e r  d e t a i l e d  s t u d y  
t o  e s t a b l i s h  w h e n  ( i . e .  o v e r  w h a t  r a n g e  o f  E j  N )  i t  c a n  b e  v a l i d l y  a p p l i e d .  O n e  
s u c h  i n v e s t i g a t i o n  h a s  b e e n  c a r r i e d  o u t  f o r  m o l e c u l a r  h y d r o g e n  a n d  i s  r e p o r t e d  i n  t h e  
f o l l o w i n g  p a p e r  b y  R e i d  a n d  H u n t e r  ( 1 9 7 9 ;  p r e s e n t  i s s u e  p p .  2 5 5 - 9 ) .  
T h e  v e r y  l a r g e  n u m b e r  o f  e l e c t r o n  t r a j e c t o r i e s  t h a t  m u s t  b e  f o l l o w e d  t o  o b t a i n  t h e  
r e q u i r e d  a c c u r a c y  m a k e s  s i m u l a t i o n  t e c h n i q u e s  t o o  c o s t l y  f o r  c a r r y i n g  o u t  e x t e n s i v e  
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p r o b l e m .  
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